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A nonsimilar steady laminar boundary layer model is described for the hydromagnetic convection flow
of a Newtonian, electrically-conducting liquid metal past a translating, non-conducting plate with a
magnetic field aligned with the plate direction. The non-dimensional boundary layer equations are
solved with the Sparrow–Quack–Boerner local nonsimilarity method (LNM). An increase in magnetic Prandtl
number (Prm) is found to strongly enhance wall heat transfer rate (NuxRe−1/2

x ), velocity ( f ′) and
induced magnetic field function (g), but exerts negligible influence on the temperature (θ ) in the
boundary layer. A rise in magnetic force number (β) increases velocity, f ′, shear stress function, f ′′,
and wall heat transfer gradient, i.e. NuxRe−1/2

x , but reduces magnetic field function, g and temperature,
θ . Increasing ordinary Prandtl number (Pr), decreases temperature, θ , but increases wall heat transfer
rate (NuxRe−1/2

x ). An increase in wall to free stream velocity ratio parameter, ζ , increases flow
velocity, f ′, and induced magnetic field gradient, g′ for small ξ but reduces g′ for larger ξ , and also
boosts the wall temperature gradient, NuxRe−1/2

x . The model has potential applications in astronautical
magneto-thermo-aerodynamics, nuclear reactor channel flow control with magnetic fields and MHD
(magnetohydrodynamic) energy generators.

© 2008 Elsevier Masson SAS. All rights reserved.
1. Introduction

Similarity and nonsimilarity solutions for magnetohydrody-
namic (MHD) flows with and without heat transfer have been ob-
tained by various researchers using analytical and numerical meth-
ods. Applications of such studies are pertinent in astronautical-
re-entry thermo-magneto-aerodynamics [1], MHD energy gener-
ator systems [2,3], and magnetohydrodynamic boundary layer-
control technologies [4]. Sparrow and Cess [5] presented an early
boundary-layer analysis for hydromagnetic natural convection flow.
Singh and Cowling [6] used the Pohlhausen approximation to ob-
tain similarity solutions for strong magnetohydrodynamic free con-
vection flow from a vertical heated surface. Jagadeesan [7] studied
the influence of magnetic Eckert number with Alfven wave ef-
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fects on two-dimensional magnetohydrodynamic heat transfer in a
parallel plate channel with conducting walls. Gupta [8] used the
momentum integral method to obtain similar solutions for mag-
netohydrodynamic natural convection boundary layer flow from
a flat plate. Chawla [9] analyzed the transient natural hydromag-
netic convection flow from an infinite vertical plate using the
Laplace transform technique, showing that magnetic field gener-
ates a wave-dominated flow pattern and boosts the shear stress
at the plate for all time values. Lindauer and Hsu [10] studied
transient MHD convection in a channel under short circuit con-
ditions using the method of characteristics, with a step change
in the axial pressure gradient or magnetic field. Further excellent
studies on MHD convection have been presented by Blum [11]
Soundalgekar [12,13], Mazumder [14] who considered a rotating
channel, Soundalgekar and Takhar [15] who considered oscillatory,
viscous heating and stress work effects and Blum [16] who con-
sidered external hydromagnetic boundary layers. Soundalgekar and
Ramana Murthy [17] solved the MHD Falkner–Skan and heat trans-
fer equations showing that increasing magnetic parameter boosts
skin friction but reduces temperature and an increase in suction
reduces skin friction and heat transfer rate. Rao and Rao [18] stud-
ied hydromagnetic convection between eccentric rotating disks
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Nomenclature

x coordinate along the plate (wall)
y coordinate transverse to the plate
u velocity in x-direction
v velocity in y-direction
Hx magnetic field component in x-direction
H y magnetic field component in y-direction
H0 applied constant magnetic field
k thermal conductivity of fluid
uw velocity at the wall
u∞ free stream velocity
T temperature of the fluid
T w temperature at the wall
T∞ free stream temperature
f dimensionless stream function
g dimensionless induced magnetic field
Rex local Reynolds number
Pr Prandtl number

Prm magnetic Prandtl number

Greek symbols

α thermal conductivity of the fluid
α1 magnetic diffusivity
β magnetic force number
ρ density of the fluid
ν kinematic viscosity of the fluid
μo magnetic permeability of fluid
ϕ stream function
φ induced magnetic field function
ξ dimensionless streamwise coordinate

(nonsimilarity variable parallel to wall)
η dimensionless transverse coordinate

(nonsimilarity variable normal to wall)
ζ ratio of wall to freestream velocity
θ dimensionless temperature function
showing that eccentric rotation reduces heat transfer on both
disks. Stretching surface hydromagnetic convection with suction
was studied by Vajravelu [19]. The supersonic hydromagnetic con-
vection heat transfer from a sphere was studied by Gubin and
Shuvalov [20]. Other studies include Soundalgekar and Bhat [21]
who considered rarified hydromagnetic convection in a rotating
channel, Watanabe [22] who numerically analyzed natural convec-
tion hydromagnetic wedge flow, Sacheti et al. [23], Hossain et al.
[24] who considered rotating axisymmetric MHD free convection
flows, Takhar and Bég [25] who examined computationally the
hydromagnetic buoyancy-driven convection in a Darcy–Brinkman–
Forchheimer porous medium, Vajravelu and Hadyinicolaou [26]
and Bég et al. [27]. Very recently Blum et al. [28] have investi-
gated experimentally hydromagnetic free convection heat transfer
from a nonmagnetic cylinder. The above studies have all neglected
induced magnetic field effects, i.e. the magnetic field effect has
been analyzed in terms of body forces in the momentum equation,
rather than as a separate conservation equation. For flows where
magnetic Reynolds number is not very small, induced magnetic
fields must be considered. Jain and Srinivasan [29] obtained eigen-
function solutions for very small and very high Peclet numbers for
thermal entrance region hydromagnetic channel convection flow,
showing that an increase in wall electrical conductivity reduces
thermal entry lengths. Yu [30] studied steady combined forced
and free convection magnetohydrodynamic flow in a vertical plate
channel over a range of Hartmann and Rayleigh numbers, showing
that magnetic field has a stabilizing effect on the regime. Sloan
and Smith [31] investigated the steady laminar hydromagnetic
flow in a rectangular pipe between conducting plates, obtaining
exact and asymptotic solutions and showing that the induced mag-
netic field may be matched between the liquid and the plates.
Pao and Chang [32] obtained approximate solutions for hydromag-
netic boundary layer convection with magnetic field directed in
the fluid stream direction, for a magnetic Prandtl number of unity
showing that magnetic field increases boundary layer thickness
and that steady state solutions are impossible for the case where
Alfven wave speed exceeds fluid speed. Megakhed [33] considered
the non-stationary hydromagnetic flow from a flat porous plate
with induced magnetic field and heat transfer, presenting an ex-
act solution for the flow rate and the induced magnetic field for
constant suction and magnetic Prandtl number equal to unity. He
showed that such a solution is only tractable when Alfven speed is
less than the suction rate. Snyder and Erlasan [34] obtained exact
solutions for the average energy dissipation over a duct of arbi-
trary cross-sectional shape for hydromagnetic channel flow with
viscous and Joule heating. Javeri [35] studied Hall and ion slip ef-
fects on MHD channel convection, obtaining exact solutions using
Kantorowitsch’s variational calculus method, for velocity, induced
magnetic field and temperature for the case of finely segmented
electrodes, fully developed flow and uniform heat flux at chan-
nel walls. Mittall et al. [36] computed velocity, magnetic current
and efficiency for the MHD generator inlet duct region when the
conducting fluid enters the duct with a uniform velocity, showing
that the Hall and the ionslip currents generate fluctuations in the
current components. Helliwell [37] studied the Couette magneto-
hydrodynamic compressible flow with thermal radiation, between
flat walls of arbitrary electrical conductivity, radiative emissivity
and temperature, computing profiles of velocity, induced mag-
netic field, radiative flux and temperature. Singh and Agarwal [38]
presented computational solutions for the velocity and induced
magnetic field based on a singular integral equation describing
MHD flow through a rectangular pipe with perfectly conducting
electrodes. An increase in Hartmann number caused a flattening of
the velocity profile and reduced flux through a section. Ezzat and
Abd-Elaal [39] used the method of matrix exponentials and also
Laplace transforms to study viscoelastic hydromagnetic fluctuating
boundary-layer through a porous medium bounded by an infinite
non-magnetic vertical plate, presenting distributions of the velocity
and the induced magnetic field. Takhar et al. [40] have consid-
ered induced magnetic field effects in transient laminar hydro-
magnetic boundary layer convection along an impulsively-started
semi-infinite flat plate with an aligned magnetic field, indicating
that a reduction in magnetic Prandtl number will enhance the sur-
face shear stress, surface component of the induced magnetic field
and also the surface heat transfer. Koshiba et al. [41] have pre-
sented a detailed study of the large-scale pulsed MHD generator
system flow including induced magnetic field effects. Gupta et al.
[42] have analyzed the hydromagnetic steady shear flow along an
electrically insulating porous flat plate, showing that the velocity
at a given point increases with increase in either the magnetic
field or suction velocity and the induced magnetic field at a given
location is reduced with increasing magnetic field. Very recently
Chen [43] studied the effects of anisotropic radiative heat trans-
fer on steady magnetohydrodynamic natural convection boundary
layer flow from a horizontal plate. However in [43] only the re-
sponse of Nusselt number to the magnetophysical parameters was
discussed. In the present article we therefore assess in much more
detail the non-radiative version of the model in [43] dwelling on
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Fig. 1. Physical model and coordinate system.

the variation of velocity field, induced magnetic field and tempera-
ture distribution in the boundary-layer. Local nonsimilarity method
(LNM) solutions based on the well-tested and extensively validated
procedure developed by Sparrow et al. [44] are obtained. Since we
are concerned with liquid metal flow we discuss primary and at
length the regime for very low Prandtl numbers.

2. Theoretical flow model

Two-dimensional, steady, incompressible, laminar, magnetohy-
drodynamic thermal convection boundary layer flow of a Newto-
nian, electrically-conducting, liquid metal (e.g., Mercury) along an
electrically non-conducting plate, moving horizontally with con-
stant velocity, uw , is investigated. The geometry of the flow do-
main is illustrated in Fig. 1, in which x-coordinate is orientated
parallel to the plate with the y-axis normal to this, and the ori-
gin located at the leading edge of the plate. A uniform magnetic
field, Ho is imposed in the positive x-direction, parallel to the
plate and external to the boundary layer. The magnetic Reynolds
number is large enough to cause induced magnetic field effects.
Following Chen [43], the induced magnetic field vector, H , has
two components, H X , HY . The normal component of the induced
magnetic field, H y vanishes at the wall with the parallel compo-
nent, H X approaching the imposed magnetic field value, Ho , at
the edge of the boundary layer. Electrical field, thermal dispersion
and viscous and Joule heating effects are neglected. The plate is
electrically-non-conducting and maintained at a temperature T W .
The external flow comprises a uniform free stream, u∞ , with a
temperature T∞ (> T W ). The governing conservation equations for
the boundary-layer flow may be expressed under these simplifica-
tions, as follows:

Mass conservation
∂u

∂x
+ ∂ν

∂ y
= 0 (1)

Magnetic field continuity

∂ Hx

∂x
+ ∂ H y

∂ y
= 0 (2)

Momentum conservation

u
∂u

∂x
+ ν

∂u

∂ y
= v

∂2u

∂ y2
+ μo

ρ

[
H X

∂ H X

∂ y
+ H y

∂ H X

∂ y

]
(3)

Induced magnetic field conservation

u
∂ H X

∂x
+ v

∂ H X

∂ y
− H X

∂u

∂x
− H y

∂u

∂ y
= α1

∂2 H X

∂ y2
(4)

Energy (heat) conservation

u
∂T + ν

∂T = α
∂2T

2
(5)
∂x ∂ y ∂ y
where all terms are defined in the notation section. The prescribed
boundary conditions at the wall (plate) and in the free stream are
defined, following Chen [43] as follows:

At y = 0

u = u∞; v = H y = ∂ H X

∂ y
= 0; T = T w (6a)

As y → ∞
u → u∞; H X → H0; T → T∞ (6b)

We now introduce the following transformations, in order to
normalize the boundary-layer equations:

ϕ(x, y) = (νu∞x)1/2 f (x, η), u = ∂ϕ

∂ y
, v = −∂ϕ

∂x

φ(x, y) =
(

νx

u∞

)1/2

H0 g(x, η), H X = ∂φ

∂ y
, H y = −∂φ

∂x

η = y

(
u∞
νx

)1/2

, ξ = βxRe−1/2
x , β = νH2

0

u2∞
, Pr = ρcpν

k

Prm = ν

α1
, ζ = uw

u∞
, θ = T

T∞
, θw = T w

T∞
,

Rex = u∞x

ν
(7)

where all parameters are defined in the nomenclature. The con-
servation equations then reduce to the following set of nonsimilar,
coupled momentum, magnetic and thermal boundary layer equa-
tions in a (ξ,η) coordinate system:

∂3 f

∂η3
+ f

2

∂2 f

∂η2
− 1

2
βg

∂2 g

∂η2

= 1

2
ξ

[
∂ f

∂η

∂2 f

∂ξ∂η
− ∂2 f

∂η2

∂ f

∂ξ

]

− 1

2
βξ

[
∂ g

∂η

∂2 g

∂ξ∂η
− ∂2 g

∂η2

∂ g

∂ξ

]
(8)

1

Prm

∂3 g

∂η3
+ f

2

∂2 g

∂η2
− 1

2
βg

∂2 f

∂η2

= ξ

2

[
∂ f

∂η

∂2 g

∂ξ∂η
− ∂2 g

∂η2

∂ f

∂ξ

]
− ξ

2

[
∂ g

∂η

∂2 f

∂ξ∂η
− ∂2 f

∂η2

∂ g

∂ξ

]
(9)

1

Pr

∂2θ

∂η2
+ 1

2
f
∂θ

∂η
= 1

2
ξ

[
∂ f

∂η

∂θ

∂ξ
− ∂ f

∂ξ

∂θ

∂η

]
(10)

The dimensionless boundary conditions for the problem now be-
come:

At η = 0

f = 0; ∂ f

∂η
= ζ ; g = ∂2 g

∂η2
= 0; θ = θw (11a)

At η → ∞
∂ f

∂η
= 1; ∂ g

∂η
= 1; θ = 1 (11b)

The local Nusselt number may be defined for the boundary-
layer regime as:

NuxRe−1/2
x = 1

θw − 1

[
− ∂θ

∂η

]
η=0

(12)

The transformed equations (8) to (10) under conditions (11a), (11b)
are to be solved using the LNM method, described in the next sec-
tion.
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3. Numerical solutions with Local Nonsimilarity Method (LNM)

We now obtain approximate solutions to Eqs. (8)–(10) based
on the local similarity and local nonsimilarity methods introduced
originally by Sparrow et al. [44]. This method has also been used
successfully more recently by Gorla et al. [45] who applied it
to simulate the mixed thermal convection in a stratified porous
medium with dispersion effects. Hassanien et al. [46] have also
obtained LNM solutions for the thermal convection boundary layer
flow in a non-Darcian regime. For the first level of truncation the ξ

derivatives in Eqs. (8)–(10) can be neglected. The governing equa-
tions for the first level of the truncation are:

∂3 f

∂η3
+ 1

2
f
∂2 f

∂η2
− 1

2
βg

∂2 g

∂η2
= 0 (13)

1

Prm

∂3 g

∂η3
+ 1

2
f
∂2 g

∂η2
− 1

2
βg

∂2 f

∂η2
= 0 (14)

1

Pr

∂3θ

∂η2
+ 1

2
f
∂θ

∂η
= 0 (15)

with boundary conditions:

At η = 0

f = 0; ∂ f

∂η
= ζ ; g = ∂2 g

∂η2
= 0; θ = θw (16a)

At η → ∞
∂ f

∂η
= 1; ∂ g

∂η
= 1; θ = 1 (16b)

For the second level of truncation, we introduce,

F = ∂ f

∂ξ
, G = ∂ g

∂ξ
, Θ = ∂θ

∂ξ
(17)

and restore all of the neglected terms in the first level of trunca-
tion. Thus, the governing equations for the second level of trunca-
tion are:

∂3 f

∂η3
+ 1

2
f
∂2 f

∂η2
− 1

2
βg

∂2 g

∂η2

= 1

2
ξ

[
∂ f

∂η

∂ F

∂η
− ∂2 f

∂η2
F

]
− 1

2
βξ

[
∂ g

∂η

∂G

∂η
− ∂2 g

∂η2
G

]
(18)

1

Prm

∂3 g

∂η3
+ 1

2
f
∂2 g

∂η2
− 1

2
βg

∂2 f

∂η2

= 1
ξ

[
∂ f ∂G − ∂2 g

2
F

]
− 1

ξ

[
∂ g ∂ F − ∂2 f

2
G

]
(19)
2 ∂η ∂η ∂η 2 ∂η ∂η ∂η
1

Pr

∂2θ

∂η2
+ 1

2
f
∂θ

∂η
= 1

2
ξ

[
∂ f

∂η
Θ − F

∂θ

∂η

]
(20)

under the boundary conditions:

At η = 0

f = 0; ∂ f

∂η
= ζ ; g = ∂2 g

∂η2
= 0; θ = θw (21a)

At η → ∞
∂ f

∂η
= 1; ∂ g

∂η
= 1; θ = 1 (21b)

The introduction of the three new dependent variables F , G,Θ

in the problem requires three additional equations with appropri-
ate boundary conditions. These can be obtained by differentiating
Eqs. (18)–(20) with respect to ξ and neglecting the terms ∂ F/∂ξ ,
∂G/∂ξ and ∂Θ/∂ξ . This generates three new equations (omitted
for brevity) with corresponding boundary conditions. The coupled
non-linear differential equations (13)–(15), (18)–(20) and those
generated by differentiation of (18)–(20) with the boundary con-
ditions (16a), (16b), (21a), (21b) are solved computationally using
the fourth-order Runge–Kutta method with a shooting technique
[44–46]. The step size �η = 0.05 is used to obtain the numerical
solution with five-decimal place accuracy as the criterion of con-
vergence. The LNM method has been extensively validated by the
authors in numerous studies [47–50] wherein it has been bench-
marked with other finite difference, finite element, asymptotic and
network numerical simulation methods. It is extremely accurate
and reliable and is therefore not elaborated upon further here.

4. Results and discussion

We utilize the following default data: Prm = 0.1 (liquid metal),
β = 0.5 and Pr = 0.01, ζ = 0. The wall temperature is taken as
θw = 1.2 following Chen [43]. Figs. 2 to 5 illustrate the influence
of magnetic Prandtl number (Prm) on the velocity (∂ f /∂η = f ′),
induced magnetic field function (g), temperature (θ ) and local Nus-
selt number function (NuxRe−1/2

x ) profiles. This parameter represents
the ratio of the viscous diffusivity to the magnetic diffusivity and
is analogous to the ordinary Prandtl number in convection heat
transfer, the latter signifying the ratio of the viscous and thermal
diffusivities. Prm is usually less than or equal to unity and quan-
tifies the relative magnitude of the hydrodynamic and magnetic
boundary layer thicknesses. In Fig. 2 we observe that a rise in Prm

value from 0.1 through 0.3, 0.5, 0.7, 0.9, 1 at a location down-
stream from the leading edge, i.e. at ξ = 1, causes a noticeable
rise in the flow velocity, in particular at short distance from the
Fig. 2. f ′ versus η for various Prm values.
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Fig. 3. g versus η for various Prm values.

Fig. 4. θ versus η for various Prm values.

Fig. 5. NuxRe−1/2
x versus ξ for various Prm values.
plate η ∼ 1. Profiles rise monotonically from the wall to the maxi-
mum in the free stream. As such a rise in Prm implies a reduction
in magnetic diffusivity which accelerates the liquid metal bound-
ary layer flow. In Fig. 3 induced magnetic field function, g , is also
seen to be slightly enhanced with a rise in Prm , i.e. the maximum
induced magnetic field corresponds to the maximum Prm value of
1, for which the magnetic diffusivity and viscous diffusivity in the
boundary layer are equal. Also for Prm = 1 the magnetic and ve-
locity boundary layers will have an equal thickness. As anticipated
temperature, θ , in Fig. 4, is unaffected by a tenfold increase in Prm

from 0.1, 0.3, 0.5, 0.7, 0.9 to 1, confirming that magnetic diffusivity
changing does not exert any tangible influence on the temperature
inside the boundary layer regime. However at the wall, a substan-
tial increase in local heat transfer rate, NuxRe−1/2

x , as shown in
Fig. 5, occurs as we progress from the leading edge downstream
along the plate, i.e. with increasing ξ , the profiles diverge increas-
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Fig. 6. f ′ versus η for various β values.

Fig. 7. g versus η for various β values.

Fig. 8. θ versus η for various β values.
ingly indicating that the maximum wall heat transfer rate for the
liquid metal occurs for Prm = 1 at the maximum distance from the
leading edge.

In Figs. 6 to 11 the variation of f ′, g, θ, f ′′, g′ and NuxRe−1/2
x for

different values of the magnetic force number, β , are illustrated.
β = νH2

0/u2∞ and as such is proportional to the square of the ap-
plied magnetic field, H0. Since the magnetic field is aligned with
the plate, it generates a force transverse to the plate, i.e. in the
η-direction. Magnetic field parallel to the plate will therefore ac-
celerate flow along the plate direction leading to an increase in
velocity, f ′ , as observed in Fig. 6. For the highest value of β a ve-
locity overshoot is identified in Fig. 6, in consistency with previous
studies by Takhar et al. [40]. No such overshoot is encountered for
β < 10. Profiles are seen to be most widely separated again in the
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Fig. 9. f ′′ versus ξ for various β values.
Fig. 10. g′ versus ξ for various β values.

Fig. 11. NuxRe−1/2
x versus ξ for various β values.

vicinity of η = 1, i.e. a short distance transverse to the plate into
the boundary layer. Conversely the induced magnetic field, g , is
significantly reduced with an increase in magnetic force param-
eter, β , as depicted in Fig. 7. All profiles are linear ascending to
a maximum at the edge of the boundary layer. Similarly temper-
Fig. 12. θ versus η for various Pr values.

ature is reduced slightly in the boundary layer with an increase
in β , since an aligned magnetic field accelerates the flow and re-
duces thermal energy transfer to the fluid (heat transfer to the
wall will be increased). The maximum reduction in temperature
occurs at intermediate separation from the wall (η ∼ 1.5). Shear
stress function ( f ′′) is increased considerably as expected in Fig. 9
since the flow is accelerated along the plate. Initially there is a
small reduction close to the leading edge with increasing magnetic
force parameter, however for the majority of the distance along
the plate (0.25 < ξ < 2) f ′′ profiles are increased considerably and
values always maximized at the furthest point from the leading
edge. g′ values are continuously reduced for all locations along the
plate with an increase in β , as indicated by Fig. 10. An increase in
applied magnetic field, H0, therefore suppresses the induced mag-
netic field, i.e. decreases the magnetic boundary layer thickness.
Wall heat transfer gradient, i.e. NuxRe−1/2

x = 1
θw −1 [− ∂θ

∂η ]η=0 as de-
picted in Fig. 11 increases with β values, after a short distance
from the leading edge, and the increase is amplified with increas-
ing values of ξ . Aligned magnetic field therefore extracts heat from
the fluid to the plate, i.e. the plate is heated whereas the fluid in
the boundary layer is cooled, as confirmed by the trend in Fig. 8.

In Figs. 12 and 13 the distribution of θ and NuxRe−1/2
x are

presented for different values of the Prandtl number. A strong
decrease in temperature, θ , accompanies a rise in Pr from 0.001
through 0.01, 0.1, 0.733, 1.0, 10.0 to 100, as shown in Fig. 12.
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Fig. 13. NuxRe−1/2
x versus ξ for various Pr values.

Fig. 14. f ′ versus η for various ζ values.
Prandtl number defines the ratio of momentum diffusivity to ther-
mal diffusivity. It is directly proportional to the product of dynamic
viscosity and specific heat capacity of the fluid and inversely pro-
portional to the thermal conductivity. Smaller Prandtl numbers
therefore correspond to a higher thermal conductivity, i.e. liquid
metals. With increasing Pr values thermal conductivity will be
reduced. For Pr < 1 heat diffuses faster than momentum in the
boundary layers. For Pr > 1 momentum will diffuse faster than
heat. Effectively therefore temperatures will be lower with an in-
crease in Prandtl number. At Pr = 1 both heat and momentum will
diffuse at the same rate and the velocity and thermal boundary
layer thicknesses will be approximately the same. It is also worth
noting that for liquid metals, e.g., Mercury (Pr = 0.01, 0.1) temper-
ature profiles are linear; for higher values of Pr the profiles become
increasingly curved. For Pr = 10 and 100 (which correspond to
electrically-conducting oils) there is an increasing sharpness in re-
duction of temperature from the wall to a minimal value which
is sustained for the remainder of the distance into the bound-
ary layer, transverse to the wall i.e., η-coordinate. In consistency
with Fig. 12, wall heat transfer rate (NuxRe−1/2

x ) is considerably
boosted in Fig. 13, with an increase in Prandtl number, a pattern
which is intensified with increasing distance along the plate, i.e.
ξ -coordinate.
Fig. 15. g versus η for various ζ values.

In Figs. 14 to 19 the effects of the wall to free stream velocity
ratio parameter, ζ , on velocity ( f ′), induced magnetic field func-
tion (g), temperature (θ ), wall shear stress ( f ′′), wall magnetic
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Fig. 16. θ versus η for various ζ values.

Fig. 17. f ′′ versus ξ for various ζ values.

field gradient (g′) and wall heat transfer rate (NuxRe−1/2
x ). Velocity

at the wall is clearly boosted with a rise in ζ and maximized when
ζ is a maximum, i.e. 0.2. Profiles as expected rise monotonically
with transverse coordinate, η, converging to unity at the edge of
the boundary layer. Negligible effects are experienced by the mag-
netic field function (Fig. 15) and temperature (Fig. 16) since the
parameter ζ is associated basically with the hydrodynamic (veloc-
ity) boundary layer.

Shear stress function, f ′′ , in Fig. 17, is also substantially de-
creased for all values of the streamwise coordinate, ξ , with an
increase in ζ . Profiles rise consistently from the minimum at the
leading edge (ξ = 0) to peak at the furthest point along the plate
and follow approximately a linear pattern. A slight increase in
magnetic field gradient, g′ (Fig. 18) accompanies an increase in ζ

for low values of ξ . A short distance downstream however there is
a switchover in this trend with a clear decrease in g′ for greater
distances along the plate surface which is maintained for the re-
mainder of the ξ -range. As with shear stress function profiles, the
maximum values of g′ again arise at the furthest station down-
stream of the leading edge of the boundary layer. Wall temperature
gradient, NuxRe−1/2

x , is also strongly affected with an increase in
wall to free stream velocity ratio parameter, ζ , as shown in Fig. 19.
Values are elevated both at the leading edge as ζ increases from 0
through 0.05, 0.15 and 0.2 and climb steadily to their peak magni-
tudes far downstream along the plate. Heat transfer from the fluid
Fig. 18. g′ versus ξ for various ζ values.

Fig. 19. NuxRe−1/2
x versus ξ for various ζ values.

to the plate is therefore enhanced with a rise in free stream veloc-
ity.

5. Conclusions

A two-dimensional steady-state laminar magnetohydrodynamic
boundary layer thermal convection model for liquid metal flow
has been presented including induced magnetic field effects. The
robust and rigorously validated Sparrow–Quack–Boerner local non-
similarity method (LNM) has been implemented to solve the di-
mensionless velocity, thermal and magnetic boundary layer equa-
tions. It has been shown that:

(i) An increase in magnetic Prandtl number, Prm , increases ve-
locity ( f ′), induced magnetic field function (g), and wall heat
transfer rate (NuxRe−1/2

x ), but exerts negligible influence on
the temperature (θ ) in the boundary layer.

(ii) Increasing magnetic force number, β , causes an increase in
velocity, f ′ , and causes a velocity overshoot (for high β), de-
creases induced magnetic field function, g , reduces temper-
ature by a small degree in the boundary layer, boosts shear
stress, f ′′ , decreases magnetic field gradient function, g′ , since
an increase in β corresponds to a strong increase in applied
magnetic field, H0, which suppresses the induced magnetic
field but accelerates the flow along the plate. Wall heat trans-
fer gradient, i.e. NuxRe−1/2

x is also elevated with an increase
in β .
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(iii) Increasing ordinary Prandtl number, Pr, decreases temperature,
θ , in the boundary layer (values are highest for the liquid
metal case, Pr = 0.001) but enhances wall heat transfer rate
(NuxRe−1/2

x ) with increasing streamwise coordinate (ξ ).
(iv) An increase in wall to free stream velocity ratio parameter, ζ ,

increases flow velocity, f ′ , but decreases shear stress function,
f ′′ , increases induced magnetic field gradient, g′ for small ξ

but reduces g′ for larger ξ , and boosts the wall temperature
gradient, NuxRe−1/2

x . No change in magnetic field function or
temperature is however identified with an increase in ζ .

The authors recently extended the current study to incorporate
porous media effects [47], again using the Sparrow–Quack–Boerner
local nonsimilarity method. Presently the model is being ex-
tended to consider the effects of unsteadiness and also variable
plate conductivity on boundary-layer characteristics and the re-
sults of these investigations will be communicated in the near
future.
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